We demonstrate that spontaneous transverse polarization of Lambda baryon (Λ) production in e + e − annihilation can be described using the transverse momentum dependent polarizing fragmentation functions (TMD PFFs). Using a simple Gaussian model, we perform an extraction of the TMD PFFs by fitting the BELLE collaboration's recent measurement of the Λ transverse polarization in back-to-back Λ + h production in e + e − collisions, e − + e + → Λ ↑ + h + X. We find that this simple model accurately describes the experimental data for Λ production associated with pions and kaons, and we are able to determine TMD PFFs for different quark flavors. We use these newly extracted TMD PFFs to make predictions for the transverse polarization of Λ produced in semiinclusive deep inelastic scattering at a future electron-ion collider, and find that such a polarization is around 10% and should be measurable. *
I. INTRODUCTION
The first observation of large transverse single-spin asymmetries (SSAs) in Lambda baryon (Λ) production was made more than forty years ago [1] . As the consensus of the time was that such QCD spin effects at colliders should be small [2] , this experimental discovery came as a surprise to the scientific community. These discoveries demonstrated that a detailed description of transverse spin physics was essential for a high-precision understanding of collider data.
Tremendous progress has been made in the past decades, with the help of QCD factorization theorems [3] [4] [5] [6] [7] . For example, a recent phenomenological analysis presented in [8] demonstrates that single transversespin asymmetries for light hadrons, such as pions in highenergy collisions, have a common origin. Namely, they are due to the intrinsic quantum-mechanical interference from multi-parton states in the parent proton and/or in the fragmenting hadron.
One of these quantum-mechanical interferences is encoded in the Sivers function [9] , which describes the distribution of unpolarized quarks inside a transversely polarized proton, through a correlation between the parton's transverse momentum with respect to the proton direction and the transverse spin vector of the proton. The exact same interference can arise in the hadronization process, giving rise to the so-called polarizing fragmentation functions (PFFs). The PFFs describe an unpolarized quark that fragments into a transversely polarized spin-1/2 hadron, such as a Λ baryon. In this case, the PFFs encode the correlation between the hadron's transverse momentum with respect to the fragmenting quark and the transverse spin of the Λ particle.
While the origin of Λ polarization has been an active field of study for the past forty years, data have been available mainly from single inclusive Λ production in proton-proton collisions, pp → Λ + X. For such a process with a single hard scale -in this case the transverse momentum of Λ -one can establish a QCD collinear factorization formalism at high-twist [10, 11] . For processes with more than one hard scale, a transverse momentum dependent (TMD) factorization is to be used [12] . This would be the case for studying the polarization of Λ production in semi-inclusive deep inelastic scattering (SIDIS), as well as back-to-back Λ + h production in e + e − collisions. In both processes, the transverse momentum dependent polarizing fragmentation functions (TMD PFFs) D ⊥ 1T could be studied. However experimental data has not been available for either of these processes until recently.
The BELLE collaboration has recently measured the transverse polarization of the Λ in e + e − annihilation [13] . They have measured such a polarization of both Λ andΛ in single Λ production (with respect to the thrust axis), e − + e + → Λ/Λ + X, as well as the back-to-back Λ + h production, e − + e + → Λ/Λ + h + X. While a wellestablished TMD factorization formalism exists to treat back-to-back Λ+h production [6, 12] , single Λ production with respect to the thrust axis could involve a more complicated factorization structure [14] , if the thrust variable is also measured. Nevertheless, there is an attempt at factorization within the standard TMD formalism [15] for single Λ production. In this paper, we will focus on back-to-back Λ+h production because of this extra complication.
These BELLE data allow for the extraction of the TMD PFFs. This extraction is a major goal of the TMD community, as it represents one of eight leadingtwist TMDs for the TMD FFs, and thus provides threedimensional imaging of hadrons in association with the fragmentation process. Furthermore, a high-precision description of the TMD PFFs is vital to our understanding of correlations between final-state hadron spin and intrin-sic transverse momenta of the elementary constituents. The understanding of these spin-transverse momentum correlations gives rise to interesting phenomenological differences between TMD FFs and the TMD parton distribution functions (PDFs).
For instance, the Sivers functions, TMD PDFs analogous to the TMD PFFs, exhibit so-called modified universality -a sign change -between the SIDIS and Drell-Yan processes [16] [17] [18] . While the TMD PFF is T-odd just like the Sivers function, this TMD does not exhibit modified universality between SIDIS and e − + e + → Λ + h + X; rather, the TMD PFF should be universal with respect to these two processes [19] [20] [21] [22] . In fact, Ref. [22] has precisely suggested studies of both back-to-back Λ + h production and SIDIS to test the universality of the TMD PFFs. In this paper, we provide a prediction for the transverse polarization in SIDIS, which can be used for the first experimental confirmation of the universality of the TMD PFFs.
Within the TMD factorization formalism, we perform an extraction of the TMD PFFs, from the recent Λ/Λ polarization measurements recorded at BELLE [13] . We study in detail the implications of the TMD PFFs for different quark flavors, and provide predictions for the Λ/Λ polarization in SIDIS. We organize our work as follows. In Sec. II we provide the relevant formalism and detail the calculation of the Λ transverse polarization observable P Λ ⊥ . In Sec. III we give the parametrization of our TMD PFFs and discuss the fit procedure, fit results, and our predictions for SIDIS. We conclude the paper in Sec. IV.
II. FORMALISM
In this section, we provide the QCD formalism for describing Λ polarization. We consider back-to-back production of a Λ baryon and a light hadron h in the final state,
where q = + is the momentum of the intermediate virtual photon with q 2 ≡ Q 2 , and we denote the momentum of the outgoing light hadron and the Λ by P h and P Λ , respectively. We further define
Following [23] , we choose a leptonic center-of-mass frame where the light hadron P h has no transverse momentum. The leptons and the light hadron form the so-called leptonic plane. The angle between P h and ( , ) is given by θ, as illustrated in Fig. 1 . On the other hand, P h and P Λ span the so-called hadronic plane. In this frame, the Λ particle has transverse momentum P ΛT , at an azimuthal angle φ Λ with respect to the leptonic plane. We have where q ⊥ is related to the "transverse" component of the virtual photon momentum, defined as
with q 2 ⊥ = −q µ t q tµ . We start with the QCD factorization formalism for the unpolarized differential cross section [6, 22] dσ
where dPS = dz Λ dz h d(cos θ) and σ 0 is given by
Here D h/q (z h , p 2 h⊥ ) and D Λ/q (z Λ , p 2 Λ⊥ ) are the unpolarized TMD FFs for h and Λ, respectively. Meanwhile, S(λ ⊥ ) is the soft factor, while H(Q) is the hard function with the leading order expression H (0) (Q) = 1. The k i⊥ with i = h, Λ are the transverse momenta of the fragmenting quarks in the frame where the hadron has zero transverse momentum. Similarly, the p i⊥ are the transverse momenta of the hadrons in the frame where the fragmenting quarks have zero transverse momentum. These momenta are related to one another by
It is important to realize that one could absorb part of the soft function √ S into the definition of the TMD FFs [12] . In this new formulation, we may rewrite the above factorization formalism in Eq. (5), so that it is of the form
which mimics the results of the partonic model. One should note that we purposely write the explicit dependence of the TMD FFs on Q 2 , which can be derived from the usual TMD evolution formalism; see, for example, [12, [24] [25] [26] [27] [28] [29] and references therein. For later convenience, we define the short-hand notation
With Eq. (8) in hand, we can thus write the unpolarized differential cross section in the form
When one measures the transverse polarization of the final-state Λ, one must also consider the transverse-spin dependent differential cross section, the complete expression of which was written down in [23] . We will reproduce here the relevant terms for our analysis. With the shorthand notation in Eq. (8), we have the expression for the transverse-spin dependent differential cross section
whereP ΛT = P ΛT /|P ΛT | is the unit vector along the transverse momentum of the Λ particle, as defined in Fig. 1 . Meanwhile, D ⊥ 1T,Λ/q is the so-called polarizing fragmentation function defined in the Trento convention [30] aŝ
whereD Λ/q on the left-hand side can be interpreted as the number density of a polarized spin-1/2 hadron Λ in an unpolarized quark, and S ⊥ is its transverse polarization vector.
In trying to connect the theoretical formalism above with the BELLE collaboration's experimental measurement of Λ polarization, one encounters several subtleties.
First is the direction with respect to which BELLE measures Λ polarization. Defining m = −P h , withP h (P Λ ) the unit vector along the momentum of the hadron h (the Λ), we see that BELLE measures Λ polarization along the directionn ∝ m ×P Λ , perpendicular to the hadronic plane in Fig. 1 . On the other hand, the polarization vector S ⊥ in the above formalism is transverse with respect to the leptonic plane in Fig. 1 . Because of this, we need to perform an additional projection onto then-direction.
Second of all, there are additional terms as denoted by "· · · " in Eq. (10) [23] . One such term involves a convolution of transversity FFs H 1,Λ/q (z Λ , p 2 Λ⊥ ; Q) for the Λ hadron with the Collins FFs H ⊥ 1,h/q (z, p 2 h⊥ ; Q) for the light hadron h. Such a term has an azimuthal dependence of sin(φ S + φ Λ ). In principle, the optimal strategy to isolate, and thus extract unambiguously, the PFFs D ⊥ 1T,Λ/q would be to measure and disentangle all of these different azimuthal dependencies, just like in the usual SIDIS spin measurements [31] . This has not yet been done by the BELLE collaboration. Surprisingly, though, if one integrates over q ⊥ in the formalism, all the other terms vanish and we are left with only the term involving the PFF D ⊥ 1T,Λ/q for the spin-dependent cross section 1 . Since the experimental data are expressed only as a function of z Λ and z h , and are inclusive over q ⊥ , our analysis of the experimental data to extract the PFFs is thus justified. Eventually with the transverse momentum integrated, the measured Λ polarization denoted as P Λ ⊥ will be given by
where ∆σ(S ⊥ ) = [σ(S ⊥ ) − σ(−S ⊥ )] /2, and the denominator is the unpolarized cross section.
III. FIT RESULTS AND PREDICTIONS
In this section, we first provide the parametrization used for the extraction of polarizing fragmentation functions, and give an expression for the asymmetry P Λ ⊥ (z Λ , z h ) within our model. We then describe our fitting procedure and the fitted results. Finally, we make a prediction for the Λ polarization in semi-inclusive deep inelastic scattering.
A. Fitting scheme
All available data are measured at the same hard scale Q = 10.58 GeV at the BELLE experiment; thus, TMD evolution for the relevant TMD FFs is not needed. Because of this, we can model these TMD FFs using simple Gaussians and extract them at this particular scale Q. We model the unpolarized TMD FFs as Gaussians
where we take p 2 h⊥ = 0.19 GeV 2 from [32] for the light hadrons h. For Λ, we assume p 2 Λ⊥ = p 2 h⊥ in this paper. We model the polarizing fragmentation functions D ⊥ 1T,Λ/q according to the equation
Here we write the polarized collinear function D ⊥ 1T,Λ/q (z Λ , Q) simply as a modulation of the unpolarized collinear function D Λ/q (z Λ , Q) by an additional collinear function N q (z Λ )
and we parametrize N q (z Λ ) by the formula
The Gaussian width M 2 D differs from the unpolarized width p 2 Λ⊥ by an auxiliary width M 1 obeying the equality [33, 34] 
from which it is clear that M 1 characterizes the scale of spin corrections to p 2 Λ⊥ . We choose to fit M 2 D -of course, M 1 can be easily determined once M 2 D is known. In order to maintain the interpretation of the spindependent fragmentation functionsD Λ/q (z, p Λ⊥ , S ⊥ ; Q) as probability densities, the positivity bound
given in [35, 36] , must be satisfied. We thus implement the fit constraints
which are sufficient conditions for the enforcement of the positivity bound. Moreover, it is useful to define the p 2 Λ⊥ -moment of the TMD PFFs
Using our parametrization, all momenta can be integrated out analytically, so that the cross sections take on the forms
As such, we finally obtain the following expression for the Λ polarization P Λ ⊥ (z Λ , z h ) from Eq. (12),
To compute P Λ ⊥ (z Λ , z h ), we use the AKK08 parametrization [37] of the collinear Λ fragmentation functions.
Currently, there are no available collinear fragmentation functions which separate the Λ andΛ contributions. While the work in [? ] took DΛ /q = D Λ/q = 0 with q = u, d, s, this scheme does not adequately describe Λ + h production. For example, in the e − + e + → Λ + π + + X process, one of the dominant contributions to the cross-section is given by the D Λ/ū (z Λ , Q). Since the work in [15] neglected all sea quark contributions, this would lead to a very small asymmetry, which conflicts with the BELLE data. For this paper, we assume D Λ/q = DΛ /q = 1 2 D Λ/Λ←q for all quark flavors.
For the fragmentation functions of pions, we choose the DSS14 parametrization given in [38] , which is an update of the previous DSS07 fragmentation functions [39] . As such an update is not available for kaons, we choose the DSS07 parametrizations for the fragmentation functions of kaons.
In order to fit the non-perturbative TMD PFFs D ⊥ 1T,Λ/q (z Λ , p 2 Λ⊥ ; Q), we use the typical flavor-dependent parameters N q , α q , and β q , similar to the parametrization used in [27] for the Sivers functions. In this paper, for the polarization of the Λ, we fit the 11 parameters N u , N d , N s , N sea , α u , α d , α s , α sea , β val , β sea , and M 2 D . The parameters labeled sea apply to the remaining considered flavors, namelyū,d, ands. Furthermore, in order to fit theΛ polarization, we take
, by invariance under charge conjugation.
Following Ref. [40] , we use a bootstrap method to generate the uncertainty band for the PFF and polarization alike. For this purpose, we generate 200 replicas; to generate one replica, we shift the reported polarization associated with each data point by Gaussian noise with standard deviation equal to the experimental error. The fit is performed on the noisy data, resulting in a set of parameters. We perform this 200 times to obtain 200 fits, from each of which we calculate P Λ ⊥ (or the PFF). The middle 68% of these values are selected point-by-point. At each point, the minimum and maximum of this middle 68% are considered to be the upper and lower errors.
B. Fit Results
We use the MINUIT package [41] from CERNLIB to perform the fit. The parameters as well as the χ 2 /d.o.f of the fit are presented in Table I . The χ 2 /d.o.f of 1.694 suggests that the fit is of reasonably good quality. One must note that we have restricted ourselves to fit the experimental data with z h < 0.5, for a total of 96 data points. It is also important to note that when these parameters are used to describe the data globally, without removing the z h > 0.5 data, we have χ 2 /d.o.f = 2.421. This could indicate a sizable contribution of threshold logarithms [42] and target mass corrections [43] [44] [45] in this region.
While the advertised χ 2 /d.o.f is 1.694, a large contribution of the χ 2 comes from two "problematic" points, the point at z h = 0.243, z Λ = 0.35 for the Λ+K + process and the point at z h = 0.245, z Λ = 0.35 for theΛ + K − process. If the χ 2 contributions from these points are removed, the χ 2 /d.o.f becomes 1.499. In fact removing these points from the fitting procedure altogether leads to a χ 2 /d.o.f of 1.180. In the future, it would be interesting to investigate these two points in more detail. Fig. 2 contains histograms of the distributions of fit parameters, which are determined by the fits to the replicated data sets. We find that the modes of the histograms agree well with the determined values of the central fit. This agreement indicates that the values of the parameters are well-constrained, and not appreciably sensitive to variations of the central point within the experimental uncertainties.
In Figs. 3 and 4 we plot the experimental data, as well as the result of our fit for the Λ polarization P Λ ⊥ in the back-to-back production of Λ(Λ) + π ± and Λ(Λ) + K ± , respectively. The gray uncertainty bands displayed are generated by the replicas at 68% confidence. For Fig. 3 , the left plots correspond to Λ + π ± production, while the right plots correspond toΛ + π ± production. Likewise, the left (right) plots are for the Λ (Λ) production associated with K ± . One should note that the data points with z h > 0.5 are not included in our fit, and thus we see that the global comparison with our theoretical results is of slightly lower quality. We further observe that our model seems to describe the Λ(Λ) + π ± data better than the Λ(Λ) + K ± data; indeed, we find χ 2 /ndata = 1.223 for pions, and 1.802 for kaons.
In Fig. 5 , we plot z Λ D ⊥(1)
1T,Λ/q (z Λ , Q), defined in Eq. (22) , as a function of z Λ for u, d, s and sea quarks, at 68% confidence. We find that the PFF for the u quark is positive, while those of the d and s quarks are negative. We also find a sizable negative sea quark contribution. These signs are consistent with the qualitative analysis in the BELLE experimental paper [13] . In terms of the magnitude of the PFFs, we find that the u and d quarks are comparable, while the PFF for the s quark is smaller by almost an order of magnitude, and it plays a more important role in the relatively large z Λ 0.4. The PFFs for sea quarks are sizable mostly in the relatively small z Λ 0.3 region.
One can understand these findings qualitatively. For example, the Λ+π − processes are dominated by the contribution of D ⊥ 1T,Λ/u D π − /ū in Eq. (25) . As this subset of BELLE data has large positive Λ polarization (z Λ 0.4), we find that the sign of the u-quark PFF is positive. Likewise, the Λ + π + processes are dominated by the contribution of D ⊥ 1T,Λ/d D π + /d . Due to the large negative polarization, we find that the sign of the d-quark PFF is negative. Finally the Λ + K + process is dominated by the contribution of D ⊥ 1T,Λ/s D K + /s . We then determine the sign of the s-quark PFF to be negative, although our best fit gives a very small PFF for the s-quark. Finally the sea quarks usually play more important roles in the relatively small z Λ region. In this set of BELLE data, it starts to become more important for z Λ 0.3. We find negative PFFs for sea quarks, which are smaller in size compared with those for u and d quarks.
C. Predictions for the SIDIS process
We now present a phenomenological prediction for the polarization of the Λ particle, produced in the SIDIS process, e( ) + p(P ) → e( ) + Λ(P Λ , S ⊥ ) + X. As emphasized in [22] , the measurement of Λ polarization in SIDIS furnishes an experimental verification of the universality of the TMD PFF D ⊥ 1T (z Λ , p 2 Λ⊥ ; Q), which has been predicted to be the same as those measured in e + e − annihilation [19] [20] [21] [22] . We define the standard SIDIS variables 3 . The fit to the experimental data for π mesons is shown, with the gray uncertainty band displayed is generated by the replicas at 68% confidence. The left plots are for the production of Λ + π ± , while the right plots are for the production of Λ + π ± .
where Q 2 = −q 2 = −( − ) 2 . The differential cross section is given by
where for SIDIS we have the phase-space element dPS = dx B dy dz Λ , the usual unpolarized TMD PDFs f q/p (x B , k 2 ⊥ ; Q), and the leading-order scattering cross section
Collecting the results above, we find that the convolution for SIDIS is
where H DIS (Q) is the hard function for SIDIS, with H DIS(0) (Q) = 1 at leading order. Meanwhile, P ΛT is the transverse momentum of the final-state Λ, k ⊥ is the transverse momentum of the quark relative to the initialstate parent proton and p Λ⊥ is the transverse momentum of the final-state Λ with respect to the fragmenting quark.
For our calculations, we use the parametrizations of Λ fragmentation functions in Eqs. (14) and (15) from the previous section. For the unpolarized TMD PDFs, we use the parametrization
with k 2 ⊥ = 0.61 GeV 2 , as extracted in [32] . Using Eq. (30) and integrating over P ΛT , we find that the Λ polarization has the analytic form
In Fig. 6 , we plot the transverse polarization as a function of z Λ at Q = 10 GeV and x B = 0.1, which are consistent with the typical kinematics at the future Electron Ion Collider (EIC) [46] [47] [48] [49] . We have used the CT14lo collinear PDFs given in [50] . To generate the uncertainty band, we use the 200 sets of fitted parameters and plot the band generated from the middle 68%. We predict an asymmetry of roughly 10% for Λ production in this kinematic region. As the size of the asymmetry is on par with that of other single-spin asymmetries, this measurement should be feasible at the EIC. We note that the sign of the polarization is due to the interplay between the contributions of u and d quarks. At small z Λ 0.4 the magnitudes of the u-quark and d-quark PFFs are similar. However the contribution from the u quark is weighted by the much larger fractional electric charge e 2 u = 4/9 vs e 2 d = 1/9, resulting in a positive asymmetry. At large z Λ 0.4 the magnitude of the d-quark PFF is much larger and wins over the enhancement from the electric charges, leading to a negative asymmetry. In Fig. 7 , we plot our prediction forΛ production at x B = 0.1. The magnitude and sign of the polarization can be interpreted by noting that at x B = 0.1 the u and d-quark PDFs are the dominant contributions. However, since u and d-quarks are sea quarks ofΛ and the sea quark PFFs are negative, we thus have a negative polarization. The magnitude of the asymmetry is roughly −10% at small z Λ and gradually decreases in size to be around −5% as z Λ increases. This is consistent with the behavior of sea quark PFFs, which decreases in size as z Λ increases. Our analysis indicates that the polarizations of Λ andΛ in SIDIS could serve as good observables for the extraction of valence and sea quark PFFs.
IV. CONCLUSIONS
In this paper, we have demonstrated that transverse momentum dependent polarizing fragmentation functions (TMD PFFs) can be extracted from the polarization measurement for both Λ andΛ at BELLE in [13] . In the measurement, Λ (Λ) and a light hadron (pion or kaon) are produced in the back-to-back configuration, and a TMD factorization formalism can thus be applied to analyze the experimental data. As all of the experimental data from this single measurement were collected at the same scale, no TMD evolution is needed. We thus perform an extraction of the TMD PFFs using a simple Gaussian model. The resulting PFFs are constrained by the BELLE data to be positive for u quarks, and negative for d and s quarks. These signs are consistent with the qualitative analysis in the BELLE experimental paper and Ref. [51] .
Earlier extractions of the TMD PFFs are mainly from the Λ polarization in proton-proton collisions [52] , where a proper TMD factorization is not justified. It would be interesting to look into the connections between the data in these two different processes. We further make predictions for the transverse polarization of the Λ and Λ baryons produced in semi-inclusive deep inelastic scattering. The size of the polarization is around 10%, and thus should be measurable at the Electron Ion Collider.
As we have mentioned, we look forward to future experimental data with higher statistics, and subsequently hope to disentangle the transverse-spin dependent pieces with differing azimuthal dependencies.
